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Dynamics of fractal sol-gel polymeric clusters
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The dynamics of flexible polymeric fractals in solutions is discussed using a linearization self-consistent
approximation. When hydrodynamic interaction is not screened~Zimm model! we find that the mean square
displacement̂ D(t)2& of a monomer is anomalously increasing with time,^D~t!&D;ta with a universal
exponenta52/d in d dimensions, independent of the fractal (df) and spectral dimensions. The viscoelastic
modulus behaves asG(v);( iv)u, with u5df /d. When hydrodynamics is screened~Rouse model! we find
a52/(21df) andu5df /(21df). We conclude that measurements ofa52/d indicate unambiguously that the
Zimm model is applicable and thus should be correlated withu5df /d in rheology measurements.
@S1063-651X~98!51109-9#

PACS number~s!: 82.70.Gg, 47.53.1n, 61.43.Hv, 36.20.2r
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Polymers in solution form a variety of self-similar stru
tures. For example, a linear polymer molecule forms a c
with a radius of gyrationRg;Nn whereN is the number of
monomers and the exponentn depends on the solvent qualit
@1,2#. Sol-gel systems present another example of s
similarity @1,3–5#. They consist of polymers or aggregat
randomly cross-linked to form network clusters embedded
the solvent. Gelation occurs when an infinite cluster per
lates through the whole system@1,6#. The dynamic properties
of these systems are of great theoretical and practical in
est. Commonly measured quantities are the dynamic st
ture factorS(q,t) ~measured by light scattering!, which is
sensitive to the local monomer diffusion, and the mac
scopic viscoelastic modulusG(v) that is measured in rheol
ogy experiments.

The dynamics of linear polymers in dilute solution h
been studied in several classical works@1,2#. The dynamics
of sol-gel systems has also attracted a lot of experimental
theoretical attention@4,5,7,8# and relatively good understand
ing has been achieved. Some measurements ofS(q,t) @7,8#,
which could be associated with the dynamics of inter
modes, have remained unsatisfactorily explained, howe
A similar situation exists for measurements ofG(v) @7#. In
this Rapid Communication we present a theoretical fram
work for self-similar, flexible polymers, encompassing bo
linear and branched polymers, that may help to clarify th
measurements. Some of our results have been previousl
rived, but the approach we use is simpler than those avail
and allows straightforward calculations of other observab
within the same framework.

We consider a fractal manifold of a noninteger dimens
D @9,10#. Special integer values describe linear polym
with D51 and membranes withD52. Branched polymers
forming a gel are described byD in the range 1,D,2
because of the internal cross-linking@4#. Thus, the number o
monomers within a manifold ‘‘radius’’l ~i.e., the chemical
or minimal length defined in Ref.@6#! is n; l D. When the
manifold is embedded in ad-dimensional Euclidean space,
may crumple so that the massn ~i.e., the number of points
or ‘‘monomers,’’ that belong to the fractal! within a radiusr
scales asn;r df , where df is the fractal dimension~also
known as the Hausdorff or self-similarity dimension! df
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<d. Below we shall frequently use the gyration exponenn
~or the chemical length exponentDmin51/n used in Ref.
@6#!, which describes,via the scaling r; l n, how the
D-dimensional manifold is crumpled in thed-dimensional
space. Using the relation betweenn and l , we have r
;nn/D, which impliesD5ndf @10#.

Because our fractals are flexible, theirconfigurationin the
solvent is fluctuating in time, even though their topology
fixed. Thus, the monomers can move in the embedding
vent by these configuration fluctuations. One of our obj
tives is to calculate the resulting mean square displacem
~MSD! of a monomer~of the fractal! in the Euclidean space
This should bedistinguishedfrom the diffusion of a particle
on a ‘‘frozen’’ fractal. The latter also leads to anomalou
diffusion in the embedding space due to the self-similar
@11,12#, but this will only serve us for defining various dy
namic exponents.

The diffusionon a fractal can be described in the man
fold space byl 2(t);t2/dwo with dwo>2. In real space this
translates tor 2(t);t2/dw, with dw5dwo /n. The probability
of the random walker returning to the origin at timet is then
Po(t);r (t)2df; l (t)2D, which scales asPo(t);t2ds/2,
whereds52df /dw52D/dwo is thespectral dimension@11#.
Since n<1 and dwo>2 we haveds<D<df<d. We note
that for Euclidean manifolds@9# ds5D (dwo52), but our
approach willnot be limited for this special case.

We start by generalizing the Zimm model for linear se
avoiding polymers@2# to arbitraryflexiblefractals. The inter-
nal coordinate of a monomer will be described, even if ju
symbolically, by the ‘‘vector’’ lW. The vectorRW ( lW) will de-
note the position of this monomer in thed-dimensional em-
bedding space. The free energy of the manifold is descri
by a generalized Edwards ‘‘spring and bead’’ Hamiltoni
~kB51 in our units! @9#

H@$RW ~ lW !%#5
T

bD E dDl „¹DRW ~ lW !…2

1vE dDl E dDl 8dd
„RW ~ lW !2RW ~ lW8!…, ~1!

whereb is the bead linear size andv is the excluded volume
R2725 © 1998 The American Physical Society
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parameter. The self-avoidance, described by the second t
makes an exact treatment of the dynamics impossible, b
becomes tractable in the so-called linearization approxi
tion that we now describe.

We shall make use of the orthogonal set of eigensta
CE( lW) of the Laplacian in the manifold spac
@11,4,6#, which is defined as the continuum limit of
finite nearest-neighbor difference operator,¹D

2 f( lW)

[b22D/ds( lW8P lW@f( lW8)2f( lW)#. ~These eigenstates hav
been studied extensively in the context of vibrations@6#.!
Thus,

¹D
2 CE~ lW !52ECE~ lW !, ~2!

where*dDlCE* ( lW)CE8( lW)5LDdE,E8 , with L as the fractal
chemical size, andCE* ( lW)5CE(2 lW). This allows us to
construct aneffective Hamiltonian Heff that is Gaussian and
diagonal in the manifold eigenstate space

Heff5
1

2
T(

E

RW ~E!2

^uRW ~E!u2&
, ~3!

whereRW ( lW)5(ERW ECE( lW). The mean valuêuRW (E)u2& will
be determined self-consistently from knowing the real sp
correlation function

^„RW ~ lW !2RW ~ lW8!…2&52E dE N~E!^uRW ~E!u2&

3„12gE~ u lW2 lW8u!…, ~4!

whereN(E);Eds/221 is the density of eigenstatesCE @11#

andgE(u lW2 lW8u)5^CE( lW)CE* ( lW8)&dis is a disorder ensembl
average eigenstate correlator. Requiring that theCE’s also
be eigenstates of the translation operator on the fractal
plies thatCE( lW)CE(2 lW8)5CE(0)CE( lW2 lW8), which leads
to CE(0)51 and

gE~ l !5^CE~ lW !&dis[C̄E~ l !, ~5!

whereC̄E( l ) is the disorder ensemble averaged eigenst
Following the general considerations described in Refs.@4#
and @11#, the latter should have the following scaling form

C̄E~ l !5 f ~Eds/2Dl !. ~6!

~Note that the dimensions ofE are @E#5@ l #22D/ds.! This
also agrees~usingr; l n! with the suggestedreal space‘‘su-
perlocalization’’ form@6#

C̄E~r !;exp@2const~rE1/dw!1/n#. ~7!

Equation~4! must be equal to;b222nu lW2 lW8u2n, which im-
plies that

^uRW ~E!u2&.b222nE22/dw2ds/2. ~8!

The Langevin equations of motion in the creeping flo
approximation are@2#
rm,
it

a-

s

e

-

e.

dRW ~ lW !

dt
52E dDl 8L ~RW l l 8!•

dHeff

dRW ~ lW8!
1 fW~ t, lW !, ~9!

whereRW l l 85RW ( lW)2RW ( lW8) and fW(t, lW) is thermal white noise.
HereL (rW) is the Oseen tensor describing the hydrodynam
interaction between different beads@13#, which in d dimen-
sions is given byL (rW)}( r̂ r̂11)/hr d22, whereh is the sol-
vent viscosity.~Note that the viscosity dimensions are@h#
5@ l #22d@M #/@ t#.! We now perform the preaveraging ap
proximation@2#, whereL is replaced by its equilibrium av
erage. Assuming that the probability distribution ofRW l l 8 de-
pends only onRW l l 8 /^uRW l l 8u& @consistent with the effective
Hamiltonian in Eq.~3!, which takes this distribution to be
Gaussian# we have ^L (RW l l 8)&eq5L(^RW l l 8&)1, where L(r )
;1/hr d22. Therefore, Eq.~9! becomes linear and in th
manifold eigenstate space it is

dRW ~E!

dt
52v~E!RW ~E!1 fW~E,t !, ~10!

where

v~E!5
TL~E!

^uRW ~E!u2&
. ~11!

Here L(E) is the manifold eigenstate transform of the h
drodynamic interaction kernelL(Rll 8) ~averaged over fracta
disorder!

L~E!.
1

h
E dDl C̄E~ l !

^uRW ~ lW !2RW ~0!ud22&
.

E~d22!/dw2ds/2

hb~d22!~12n!

~12!

@where we made use ofD/(ndw)5ds/2#. Consequently, the
mode relaxation rate becomes

v~E!.
TEd/dw

hbd~12n! . ~13!

Equations~8! and ~13! are equivalent to the Zimm mode
results for linear polymers@2#.

We are now able to calculate the time-dependent MSD
a single monomer~bead! in the form

^D~ t !2&[^„RW ~ lW,t !2RW ~ lW,0!…2&

52E dEN~E!^uRW ~E!u2&~12e2v~E!t!. ~14!

Using Eqs.~8! and~13! for uRW (E)u2 andv(E) we obtain~for
timeshbd/T!t!hRg

d/T, whereRg is the radius of gyration!

^D~ t !2&.S T

h
t D 2/d

~15!

~which has been previously obtained for linear polymers
d53 Q solvent @14#!. It is seen that a monomer perform
anomalous subdiffusion̂D(t)2&;ta ~with a,1! in the em-
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bedding space. This anomalous diffusion is essentiallyiden-
tical to that of linear polymers, and the anomalous expon
a52/d is independentof all fractal characteristics~i.e., in-
dependent of the exponentsds anddf!. This can be attributed
to the long range hydrodynamic interaction that stron
couples the motion of monomers through the Euclide
space, even when they are distant in the fractal mani
space. As a consequence, the fractal characteristics ma
come irrelevant. This becomes more evident when we c
sider below the Rouse model. We note thata52/d has also
been recently derived for polymerized membranes by ren
malization group@15#. It also agrees with the scaling hypoth
esis ^D(t)2&5Rg

2f (t/t), with t5hRg
d/T @f (x) is a scaling

function#, if we assume that fort!t the result should no
depend onRg , which implies thatf (x);x2/d for x!1.

We now turn to a discussion of two other familiar obse
ables. First, consider the dynamic structure factorS(q,t).
Generalizing the Doi-Edwards calculation for linear po
mers@14#, this is first expressed as~using a 1/N normaliza-
tion, whereN is the number of monomers!

S~q,t !.
1

bD E dDl expF2
1

6
q2^„RW ~ lW,t !2RW ~0,0!…2&G .

~16!

The correlation function in the exponent can be written a
sum of a static part and dynamic parts,

^„RW ~ lW,t !2RW ~0,0!…2&5^„RW ~ lW !2RW ~0!…2&1^D~ lW,t !2&,
~17!

where

^D~ lW,t !2&52E dE N~E!gE~ l !^uRW ~E!u2&~12e2v~E!t!,

~18!

which reduces to the MSD of Eq.~14! for lW50. We can then
show that for h/qdT!t!hRg

d/T the decay of S(q,t) is
dominated by^D(0,t)2&, the MSD of a single monomer
Thus, this decay becomes nearly astretched exponential

S~q,t !.S~q!e2const@~Tqd/h!t#2/d
, ~19!

whereS(q);q2df is the static structure factor. The stretc
ing exponent 2/d is thereforeindependentof all fractal char-
acteristics. Importantly, it has been shown that such an in
nal mode induced decay is not modified by gel po
polydispersity@8#.

Second, we consider the contribution of clusters to
shear viscoelastic modulusG(v) of the solution, assuming
monodispersity of cluster sizes. In the time domain it
given byG(t)5(T/vc)GR(t), wherevc is the volume avail-
able per cluster and the intrinsic modulus@2# is ~for t
!hRg

d/T!

GR~ t !5E dE N~E!e2v~E!t.S hRg
d

Tt D df /d

. ~20!

In the frequency domainGR(v);( iv)df /d. Thus, the vis-
coelastic spectrumis sensitive todf , even if not tods . This
should be contrasted with the dynamics shown by the M
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and S(q,t). Note that GR(t) saturates to unity fort
*hRg

d/T, which implies that for the long tail size distribu
tion at the gel point the time dependence of the macrosco
modulus will be modified@5#.

Equation ~20! agrees with previous results of Cates@4#
and of Martinet al. @5# ~for the single cluster contribution!,
who used different methods. Our approach has an impor
advantage over these studies. Unlike in the work of Mar
et al., it does not involve anad hochypothesis for the scaling
of the mode relaxation rates with the Euclidean space w
vector. Our derivation also appears much simpler than
comprehensive study of Cates—even if closely related
it—which involves effective medium theory as a means
obtaining the relaxation rate spectrum@Eq. ~13!#. More im-
portantly, the MSD@or S(q,t)# and G(v) were obtained
using the same manifold mode analysis. We shall elabo
on this point at the end.

So far we have considered self-similar structures with
hydrodynamic interaction influencing the dynamics. In den
systems hydrodynamic backflow effects may beco
screened above a certain lengthjH;j ~j is the mesh size!
and we recover the free draining limit described by t
Rouse model@2,4#. This implies that the observed dynamic
should cross over from Zimm-like at short times to Rous
like at longer times. The effect of the intercluster exclud
volume interaction on the cluster distribution on space, i
in the exponentn ~or df!, is less evident. However, even
the actual value ofn in the regimej!r !Rg is not known,
we can still use it as a model parameter in our dynam
self-consistent theory and examine the consequences. Th
expected to be a good approximation, as long as entan
ments do not play a role. The effective bead sizeb should
then be set tojH but we shall continue to use the parame
b for clarity.

For the Rouse model we can still apply the formalis
used above, except that now the friction is local, and is s
ply the Stokes drag on a single bead@2#. We thus use~in-
stead of the Oseen tensor! L5L1 with L.bDdD( lW

2 lW8)/hbd22. Accordingly, L(E) is independent ofE, and
the relaxation rate becomes

v~E!.
TE2/dw1ds/2

hbd2D22n . ~21!

Using Eqs.~8! and ~21! in Eq. ~14!, we now obtain

^D~ t !2&.b2S T

hbd t D 2/~21df !

~22!

Thus, for the Rouse model the anomalous diffusion expon
is dependent ondf . For the intrinsic viscoelastic modulus w
obtain

GR~ t !.NS hbd

Tt D df /~21df !

, ~23!

whereN.(L/b)D.(Rg /b)df is the fractal ‘‘mass.’’ Hence,
GR(v);( iv)df /(21df ). This agrees with the studies of Cate
@4# and Martinet al. @5#, while Eq. ~22! agrees with other
studies in the context of linear polymer@16# and polymerized
membrane dynamics@15#.
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Our main results can be summarized in terms of the
exponents: one describes the MSD of a monomer and
dynamic structure factor, ^D(t)2&;ta and S(q,t)

;e2const3ta, and the other describes the complex modu
G(v);vu. Focusing on three dimensions, we have fou
that a52/3 for all fractals that are subject to hydrodynam
interaction~Zimm model!, independent ofdf andds , yet u
5df /3. This contrasts with the case of screened hydro
namics~Rouse model! where both power laws depend ondf ,
a52/(21df) ~i.e., a,2/3! andu5df /(21df). Thus, mea-
suring an exponenta52/3 can imply nothing about the frac
tal; however, it can quite unambiguously suggest that
Zimm model is applicable, which means thatG(v) should
be described byu5df /3. Measurements ofa.2/3 areex-
cludedby both models.

It should be noted that attempting to deduceG(v) from
the MSD alone on the basis of the generalized Lange
equation@17#, which implies ivG(v);1/̂ D2&v @^D2&v is
the Fourier-Laplace transform of^D2(t)&# fails completely.
For example, froma52/3 one would predictu52/3, which
is only true ifdf52 ~e.g., linear Gaussian chains!. This sim-
ply suggests that themacroscopicand themicroscopicvis-
cosities are different, and has important consequences o
interpretation of ‘‘microrheology’’ experiments in whic
G(v) is obtained in this way from MSD measurements.
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Recent measurements ofG(v) on chemically cross-
linked pre-gel clusters yieldu50.6960.005 @7#. From the
light scattering studies ondiluted samples one can infer
fractal dimension in the range 2.02,df,2.11. The Zimm
model, whereu5df /3, then predicts 0.67,u,0.70, in good
agreement with the experimental value. We note, howe
that measurements ofG(v) on diluted samples are require
for a more reliable comparison. In addition, for the sam
system it was found from dynamic light scattering thata
50.7760.02, which is left unexplained. One of the reaso
for such a discrepancy, however, could be that the long t
relaxation regimeh/qdT!t has not been reached@18#. In
such cases a numerical fit to the full decay profile@Eqs.
~16!–~18!# could be useful.

We conclude that combined measurements ofS(q,t) ~or
real space measurements of the MSD! and ofG(v) can be a
powerful tool for understanding the dynamics of fractals
solutions. Since we have obtained the normal mode re
ation times and amplitudes, we are able to calculate o
dynamic observables of interest.
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